Stochastic processes are considered on free loop spaces, geometric loop and diffeomorphism groups of real and complex manifolds. They are used for investigations of Wiener differentiable quasi-invariant measures on such groups relative to dense subgroups. There are considered finite-dimensional and also infinite-dimensional manifolds. Such measures are used for the investigation of associated unitary representations of these groups.
Introduction.
Earlier Gaussian quasi-invariant measures on loop groups of Riemann and complex manifolds were investigated [27, 28, 30] . With the help of them irreducible strongly continuous unitary representations were constructed. Gaussian measures were studied on free loop spaces also. Traditionally geometric loop groups are considered as families of mappings f : S 1 → N from the unit circle into a Riemann manifold N preserving marked points s 0 ∈ S 1 and y 0 ∈ N under the corresponding equivalence relation caused by an action of a diffeomorphism group Dif f ∞ (S 1 ) of the circle on the free loop space [14] . But in [27, 28, 30] were defined and investigated generalized loop groups as families of mappings from one manifold f : M → N into another preserving marked points s 0 ∈ M and y 0 ∈ N under the corresponding equivalence relation in the free (pinned) loop space and with the help of Grothendieck construction of an Abelian group from a commutative monoid with the unit and the cancellation property with rather mild conditions on M and N for finite and infinite dimensional real and complex manifolds.
The commutative monoid is not the free (pinned) loop space, since it is obtained from the latter by factorization. These groups are Abelian, nonlocally compact and for them the Campbell-Hausdorff formula is not valid (in an open local subgroup). Finite-dimensional Lie groups satisfy locally the Campbell-Hausdorff formula. This is guarantied, if to impose on a locally compact topological Hausdorff group G two conditions: it is C ∞ -manifold and the following mapping (f, g) → f • g −1 from G × G into G is of class C ∞ . But for infinite-dimensional G the Campbell-Hausdorff formula does not follow from these conditions. Frequently topological Hausdorff groups satisfying these two conditions also are called Lie groups, though they can not have all properties of finite-dimensional Lie groups, so that the Lie algebras for them do not play the same role as in the finite-dimensional case and therefore Lie algebras are not so helpful. If G is a Lie group and its tangent space T e G is a Banach space, then it is called a Banach-Lie group, sometimes it is undermined, that they satisfy the Campbell-Hausdorff formula locally for a Banach-Lie algebra T e G. In some papers the Lie group terminology undermines, that it is finite-dimensional. It is worthwhile to call Lie groups satisfying the Campbell-Hausdorff formula locally (in an open local subgroup) by Lie groups in the narrow sense; in the contrary case to call them by Lie groups in the broad sense. Stochastic processes on Lie groups G were considered in [4, 7] . General theorems about quasi-invariance and differentiabilty of transition measures on the Lie group G relative to a dense subgroup G ′ were given, but they permit to find G ′ only abstractly and when a local subgroup of G satisfies the Campbell-Hausdorff formula. For Lie groups which do not satisfy the Campbell-Hausdorff formula locally this question remained open. In each concrete case of G it its necessary to construct a stochastic process and G ′ . On the other hand, the groups considered in the present article do not satisfy the Campbell-Hausdorff formula. Below path spaces, loop spaces, pinned loop groupoids, loop monoids, loop groups and diffeomorphism groups are considered not only for finite-dimensional, but also for infinite-dimensional manifolds.
In particular, loop and diffeomorphism groups are important for the development of the representation theory of non-locally compact groups. Their representation theory has many differences with the traditional representation theory of locally compact groups and finite-dimensional Lie groups, because non-locally compact groups have not C * -algebras associated with the Haar measures and they have not underlying Lie algebras and relations between representations of groups and underlying algebras (see also [29] ).
In view of the A. Weil theorem if a topological Hausdorff group G has a quasi-invariant measure relative to the entire G, then G is locally compact. Since loop groups (L M N) ξ are not locally compact, they can not have quasiinvariant measures relative to the entire group, but only relative to proper subgroups G ′ which can be chosen dense in (L M N) ξ , where an index ξ indicates on a class of smoothness. The same is true for diffeomorphism groups (besides holomorphic diffeomorphism groups of compact complex manifolds). Diffeomorphism groups of compact complex manifolds are finite-dimensional Lie groups (see [22] and references therein). It is necessary to note that there are quite another groups with the same name loop groups, but they are infinite-dimensional Banach-Lie groups of mappings f : M → H into a finite-dimensional Lie group H with the pointwise group multiplication of mappings with values in H. The loop groups considered here are generalized geometric loop groups.
The traditional geometric loop groups and free loop spaces are important both in mathematics and in modern physical theories. Moreover, generalized geometric loop groups also can be used in the same fields of sciences and open new opportunities. In cohomology theory and physical applications stochastic processes and Wiener measures on the free loop spaces are used [1, 11, 16, 18, 19, 24, 26, 34] . In these papers were considered only particular cases of real free loop spaces and groups for finite-dimensional manifolds, no any applications to the representation theory were given.
On the other hand, representation theory of non-locally compact groups is little developed apart from the case of locally compact groups. For locally compact groups theory of induced representations is well developed due to works of Frobenius, Mackey, etc. (see [3, 13] and references therein). But for non-locally compact groups it is very little known. In particular geometric loop and diffeomoprphism groups have important applications in modern physical theories (see [17, 35] and references therein).
This work is devoted to the investigation of Wiener measures and stochas-tic processes on the generalized loop spaces, loop monoids, geometric loop groups and diffeomorphism groups. For the loop groups are considered both measures arising from the stochastic equations on them and aslo induced from the free loop space. Their quasi-invariance and differentiability relative to dense subgroups is investigated. Transition measures arising from stochastic processes on manifolds also are called Wiener measures. Then measures are used for the study of associated unitary regular and induced representations of dense subgroups G ′ .
2 Stochastic processes on loop and diffeomorphism groups.
2.1. Remark. 1. An atlas At(M) = {(U j , φ j ) : j} of a manifold M on a Banach space X over R is called uniform, if its charts satisfy the following conditions:
x there is the inclusion U 
where C = const > 0 does not depend on φ 1 and φ 2 . For the diffeomorphism Dif f t β,γ (M) and loop groups (L M N) ξ we also suppose that manifolds satisfy conditions of [27, 28, 31, 32] such that these groups are separable, but here let M and N may be with a boundary, where (N1) N is of class not less, than (strongly) C ∞ and such that sup x∈S j,l F
For loop groups and diffeomorphism groups manifolds are supposed to be satisfying the corresponding specific conditions.
2.1.2.1.
A canonical closed subset Q of X = R n or of the standard separable Hilbert space X = l 2 (R) over R is called a quadrant if it can be given by Q := {x ∈ X : q j (x) ≥ 0}, where (q j : j ∈ Λ Q ) are linearly independent elements of the topologically adjoint space X * . Here Λ Q ⊂ N (with card(Λ Q ) = k ≤ n when X = R n ) and k is called the index of Q. If
x ∈ Q and exactly j of the q i 's satisfy q i (x) = 0 then x is called a corner of index j. Since the unitary space X = C n or the separable Hilbert space l 2 (C) over C as considered over the field R is isomorphic with X R := R 2n or l 2 (R) respectively, then the above definition also describes quadrants in C n and l 2 (C) in such sense. In the latter case we also consider generalized quadrants as canonical closed subsets which can be given by Q := {x ∈ X R :
f is bijective and there exist continuous f ′ and (f −1 ) ′ , where U and U ′ are interiors of quadrants Q and Q ′ in X. In the complex case we consider bounded generalized quadrants Q and Q ′ in C n or l 2 (C) such that they are domains with piecewise C ∞ -boundaries and we impose additional conditions on the diffeomorphism f :
(ii)∂f = 0 on U, (iii) f and all its strong (Frechét) differentials (as multilinear operators) are bounded on U, where ∂f and∂f are differential (1, 0) and (0, 1) forms respectively, d = ∂ +∂ is an exterior derivative. In particular for
In the infinite-dimensional case there are equations: (∂f )(e j ) = ∂f /∂z j and (∂f )(e j ) = ∂f /∂z j , where {e j : j ∈ N} is the standard orthonormal base in l 2 (C), ∂f /∂z j = (∂f /∂x
2.1.2.4. A complex manifold M with corners is defined in the usual way: it is a metric separable space modelled on X = C n or X = l 2 (C) and is supposed to be of class
are holomorphic and bijective) and
A point x ∈ M is called a corner of index j if there exists a chart (U, u, Q) of M with x ∈ U and u(x) is of index ind M (x) = j in u(U) ⊂ Q. The set of all corners of index j ≥ 1 is called the border ∂M of M, x is called an inner
For the real manifold with corners on the connecting mappings u l • u 
Analogously for real manifolds with corners for R k and R n or l 2 (R) instead of C k and C n or l 2 (C). 2.1.2.6. Henceforth, the term a complex manifold N modelled on X = C n or X = l 2 (C) means a metric separable space supplied with an atlas
Let X be either the standard separable Hilbert space l 2 = l 2 (C) over the field C of complex numbers or X = C n . Let t ∈ N o := N∪{0}, N := {1, 2, 3, ...} and W be a domain with a continuous piecewise C ∞ -boundary ∂W in R 2m , m ∈ N, that is W is a C ∞ -manifold with corners and it is a canonical closed subset of C m , cl(Int(W )) = W , where cl(V ) denotes the closure of V , Int(V ) denotes the interior of V in the corresponding topological space. As usually H t (W, X) denotes the Sobolev space of functions f : W → X for which there exists a finite norm 
Let also N be a separable complex metrizable manifold with corners modelled either on
, and Let A and B be two complex manifolds with corners such that B is a
where E is also a complex manifold. Such F is called the homotopy.
Let M be a complex manifold with corners satisfying the following conditions:
(i) it is compact; (ii) M is a union of two closed complex submanifolds A 1 and A 2 with corners, which are canonical closed subsets in M with A 1 ∩A 2 = ∂A 1 ∩∂A 2 =:
We consider all finite partitions Z :
, which may be with corners and
n , since each finite-dimensional manifold M can be embedded into C n with the corresponding n ∈ N. We suppose also that
are submanifolds (may be with corners) in M (i). Suppose that M and N are connected. 
, also f n and h n ∈ H ∞ p (M, s 0 ; N, y 0 ) with lim n f n = f and lim n h n = h such that f n (x) = h n (η n (x)) for each x ∈ M and n ∈ ω, where ω is a directed set, f, h ∈ O Υ (M, s 0 ; N, y 0 ) and converegence is considered in H 
We supply F with a topology inherited from the Tychonoff product topology of (S M N)
O is the complete topological group and γ is the topological embed- [21] there exists the Levi-Civita connection (with vanishing torsion) of M R . Suppose ν is a measure on M corresponding to the Riemann volume element w ( m-form ) ν(dx) = w(dx)/w(M). The Riemann metric g is positive definite and w is non-degenerate and non-negative, since M is orientable.
The Christoffel symbols Γ k i,j of the Levi-Civitá derivation (see §1.8.12 [20] ) are of class C ∞ for M. Then the equivalent uniformity in
; N} =: Q relative to the following norm y
For a domain W in C m , which is a complex manifold with corners, let
Using the atlases At(M) and At(N) for M and N of class of smoothness 
(ii) M and At(M) are foliated, that is,
Let W be a bounded canonical closed subset in l 2 (C) with a continuous piecewise C ∞ -boundary and H m an increasing sequence of finite-dimensional subspaces over C,
, where W m = W ∩H m and X is a separable Hilbert space over C.
Let Y ξ (W, X) be the completion of P ∞ Υ,a (W, X) relative to the following norm
where 0 < c < ∞ and ξ = (Υ, a, c). Let M and N be the Y Υ,a ′ ,c ′ -manifolds with 0 < a ′ < a and 0 < c 2.1.6. For the diffeomorphism group we also consider a compact complex manifold M. For noncompact complex M, satisfying conditions of §2.1.1 and (N1) the diffeomorphism group is considered as consisting of diffeomorphisms f of class Y Υ,a,c (see
is a domain of definition of (f i,j − id i,j ) and then analogously to the real case the diffeomorphism group Dif f ξ (M) is defined, where ξ = (Υ, a, c), a > 0 and c > 0.
For investigations of stochastic processes on diffeomorphism groups at first there are given below necessary definitions and statements on special kinds of diffeomorphism groups having Hilbert manifold structure. 
is the standaard Hilbert space of all classes of equivalent measurable functions h : U → F for which there exists 
k with k ∈ N or in the standard separable Hilbert space l 2 over R, θ : U → V be a C ∞ -function (infinitely strongly differentiable), ∞ > δ ≥ 0 be a parameter. There exists the following metric space H {l},θ {γ},δ (U, V ) as the completion of a space of all functions Q :
, when U is a chart Euclidean or Hilbertian correspondingly at infinity, f as an argument inρ l γ,n,δ is taken with the restriction on 
for f as a function by (x 1 , ..., x n ) such thatρ l γ,n,δ depends on parameters (x j : j > n). The index θ is omitted when θ = 0. The series in (i) terminates n ≤ k, when k ∈ N.
Let for M connecting mappings of charts be such that (φ j • φ 
.., x n for chosen (x j : j > n) due to existing foliations in M, U i,j ⊂ R n ֒→ l 2 , when (x j : j > n) are fixed and U i,j is a domain in R n by variables (x 1 , ..., x n ), where ∞ > η ≥ 0. In particular, for the finite dimensional manifold M n the group Di {l} {γ},δ,η (M n ) is isomorphic to the diffeomorphism group of the Sobolev class of smoothness H l γ with l = l(n), γ = γ(n), where n = dim R (M n ) < ∞.
2.4. Remarks. Let two sequences be given {l} := {l(n) : n ∈ N} ⊂ Z and {γ} := {γ(n) : n ∈ N} ⊂ R, where M and {M k : k = k(n), n ∈ N} are the same as in § §2 and 3. Then there exists the following space H (T M ) ≤ C ζ {l},{γ},δ,0 for each ζ ∈ H {l} {γ},δ,0 (T M), moreover, there can be chosen ω n ≥ C n , C n+1 ≥ k(n + 1)(k(n + 1) − 1)...(k(n) + 1)C n for each n such that the following inequality be valid:
Proof. In view of theorems from [44] and the inequality R m < x >
Moreover, due to results of §III.6 [36] there exists a constant
Hence for x n < y n the following inequlity is satisfied:
where C 1 = const > 0 and C ′ = const > 0 are constants not depending on n and k; x, y and (y 1 , .., y n , x n+1 , x n+2 , ...) ∈ φ j (U j ) for each n ∈ N. This is possible due to local convexity of the subset φ j (U j ) ⊂ l 2 . Therefore,
The space E t β,δ (T M)∩H {l} {γ},δ,0 (T M) contains the corresponding cylindrical functions ζ, in particular with supp(ζ) ⊂ U j ∩ M n for some j ∈ N and k = k(n), n ∈ N. The linear span of the family K over the field R of such functions ζ is dense in E 
Proof. From the results of the paper [37] it follows that the uniform space Di {l} {γ},δ,η (M k ) is the topological group for each finite-dimensional submanifold M k , since l(k) > k + 5 and dim R M k = k. The minimal algebraic group G 0 := gr(Q) generated by the family Q := {f : f ∈ E {l},id {γ},δ (U, V ) for all possible pairs of charts U i and U j with U = φ i (U i ) and is the topological group. For it we shall use Lemma 2.5. For a > 0 and k ≥ 1 using integration by parts formula we get the following equality
, which takes into account the weight multipliers. Let f, g ∈ Di {l} {γ},δ,η (V ) for an open subset V = φ j (U j ) ⊂ l 2 and χ {l},{γ},δ,η (f, id) < 1/2 and χ {l},{γ},δ,η (g, id) < ∞, then ρ l γ,n,δ (g id) ), where 0 < C l,n,γ,δ ≤ 1 is a constant dependent on l, n, γ and independent from f and g. For the Bell polynomials there is the following inequality Y n (1, ..., 1) ≤ n!e n for each n and Y n (F/2, ..., F/(n + 1)) ≤ (2n)!e n for F p := F p = (n + p) p := (n + p)...(n + 2)(n + 1) (see Chapter 5 in [41] and Theorem 2.5 in [2] ). The Bell polynomials are given by the following formula
kn , where the sum is by all partitions π(n) of the number n, this partition is denoted by 1 k 1 2 k 2 ...n kn such that k 1 + 2k 2 + ... + nk n = n and k i is a number of terms equal to i, the total num-ber of terms in the partition is equal to k = k(π) = k 1 +....+k n , f k := f k in the Blissar calculus notation. For each n ∈ N, l = l(n) and γ = γ(n) the following inequality is satisfied:ρ
Hence due the Cauchy-Schwarz-Bunyakovskii inequality and the condition C 2 n > C n for each n we get: f • g and f −1 ∈ Di {l} {γ},δ,η (M) for each f and g ∈ Di {l} {γ},δ,η (M), moreover, the operations of composition an inversion are continuous.
2.7. Lemma. Let 
For each chart (U j , φ j ) there are linearly independent functions x m e l < x > ζ n /m! =: f m,l,n (x), where {e l : l ∈ N} ⊂ l 2 is the standard orthonormal basis in l 2 ,
The linear span over R of the family of all such
, where m = (m 1 , ..., m n ), |m| := m 1 + ... + m n , 0 ≤ m i ∈ Z. Hence due to § §2.3 and 2.4 the embedding J is the nuclear operator. 2.8. Definitions and Notes. Let G be a Hausdorff topological group, we denote by µ :
For a monoid or a groupoid G let left shifts of a measure µ be defined by the following formula: µ φ (E) := µ(φ • E). Then µ is called quasi-invariant if there exists a dense subgroup G ′ (or submonoid or subgroupoid correspondingly) such that µ φ is equivalent to µ for each φ ∈ G ′ . Henceforth, we assume that a quasi-invariance factor continuous by (φ, g) 
Let (M, F) be a space M of measures on (G, Bf (G)) with values in R and G" be a dense subgroup (or submonoid or subgroupoid) in G such that a topology F on M is compatible with G", that is, µ → µ h is the homomorphism of (M, F) into itself for each h ∈ G". Let F be the topology of convergence for each E ∈ Bf (G). Suppose also that G and G" are real Banach manifolds such that the tangent space T e G" is dense in T e G, then T G and T G" are also Banach manifolds. Let Ξ(G") denotes the set of all differentiable vector fields X on G", that is, X are sections of the tangent bundle T G". We say that the measure µ is continuously differentiable if there exists its tangent mapping T φ µ φ (E)(X φ ) corresponding to the strong differentiability relative to the Banach structures of the manifolds G" and T G".
Banach differentiable manifold modelled on a Banach space F, for a differentiable mapping V : G" → N by T V : T G" → T N is denoted the corresponding tangent mapping, (T µ) φ (E) := T φ µ φ (E). Then by induction µ is called n times continuously differentiable if T n−1 µ is continuously differentiable such that
.., X n,φ ) are the σ-additive real measures by E ∈ Af (G, µ) for each X 1 ,...,X n ∈ Ξ(G"), where (X j ) φ =: X j,φ for each j = 1, ..., n and φ ∈ G", D n µ : Af (G, µ) ⊗ Ξ(G") n → R. 2.9. Theorem. Let G be either a loop group or a diffeomorphism group for real or complex separable metrizable C ∞ -manifolds M and N, then there exist a Wiener process on G which induce quasi-invariant infinite differentiable measures µ relative to a dense subgroup G ′ . Proof. These topological groups also have structures of C ∞ -manifolds, but they do not satisfy the Campbell-Hausdorff formula in any open local subgroup. Their manifold structures and actions of G ′ on G will be sufficient for the construction of desired measures. Manifolds over C naturally have structures of manifolds over R also. Let us at first remind the principles of the Wiener processes on manifolds.
LetḠ be a complete separable relative to its metricρ C ∞ -manifold on a Banach spaceȲ over R such that it contains a dense C ∞ -submanifold G on a Hilbert space Y over R, where G is also separable and complete relative to its metric ρ. Let τ G : T G → G be a tangent bundle on G. Let θ : Z G → G be a trivial bundle on G with the fibre Z such that
be an operator bundle with a fibre L 1,2 (Z, Y ), where Z, Z 1 , ..., Z n are Hilbert spaces, L n,2 (Z 1 , ..., Z n ; Z) is a subspace of a space of all Hilbert-Schmidt n times multilinear operators from Z 1 ×...×Z n into Z. Then L n,2 (Z 1 , ..., Z n ; Z) has the structure of the Hilbert space with the scalar product denoted by
(φ(e (1)
for each pair of its elements φ, ψ. It does not depend on a choise of the orthonormal bases {e(k
. Such bundles are called quadratic. Then there exists a new bundle J on G with the same fibre as for Π, but with new connecting mappings:
, where tr(A) denotes a trace of an operator A. Then using sheafs one gets the Itô functor I : I(G) → G from the category of manifolds to the category of quadratic bundles.
On a Hilbert space W a distribution γ b,B is called Gaussian, if its Fourier transform is the following:
where B is the corresponding symmetric bounded nonnegative nondegenerate nuclear operator on W , b ∈ W , v ∈ W . On Y let B be a nuclear selfadjoint linear nonnegative operator with ker(B) = {0}, then for each t > 0 it defines a Gaussian measure µ tB with zero mean and correlation operator tB. It is defined with the help of the Hilbert-Schmidt structure in Y (that is, the rigged (1) the differences w(t 4 , ω) − w(t 3 , ω) and w(t 2 , ω) − w(t 1 , ω) are independent for each t 0 ≤ t 1 < t 2 ≤ t 3 < t 4 ;
(2) the random variable w(t+τ, ω)−w(t, ω) has a distribution µ τ B , where w(t 0 , ω) := 0, (Ω, F, P ) is a probability space of a set Ω with a σ-algebra F of its subset and a probability measure P .
Then consider the class K(Y ) of stochastic processes B(t, ω) with values in L 1,2 (H, Y ) and satisfying β 2 (B) =
Mσ 2 (B(t, ω), B(t, ω))dt < ∞, the space of all such operators is denoted by L 2 (Ω, Y ), where M denotes the operation of the mean value, the embedding of H into Y is a Hilbert-Schmidt operator, ω ∈ Ω, (Ω, F, P ):
(3) for each t ≥ t 0 the quantity B(t, ω) is F t -measurable, where F t is a flow of σ-algebras, that is, a monotone set of σ-algebras (F t ⊂ F s for each s ≥ t ≥ t 0 ) such that for each s ≤ t the random variable w(s, ω) is F tmeasurable, w(τ, ω) − w(s, ω) is independent from F t for each τ > s ≥ t.
Let K 0 (Y ) be the subset of K(Y ) consisting of step functions B(t, ω) = B j (ω) for each t j ≤ t < t j+1 , where t 0 < t 1 < ... < t n = τ is a partition of the segment [t 0 , τ ] in R. In K 0 (Y ) the Itô stochastic integral is defined by
2 dt < ∞ and let ξ 0 (ω) be an F t 0 -measurable random variable. A stochastic process of the type
is said to have a stochastic differential and it is written as follows:
If f (t, x) is continuously differentaible by t and continuously twice strongly differentiable by x function from [t 0 , τ ] × Y into Y and they are bounded, then
in accordance with the Itô's formula. Let the manifold G be supplied with the connection. A curve c : [−2, 2] → G is called a geodesic if ∇ċ(t)/dt = 0. In view of Corollary 1.6.8 [20] there exists an open neighbourhoodT G of the submanifold G of T G such that for every X ∈T G the geodesic c X (t) is defined for |t| < 2, where T G denotes the tangent bundle. The exponential mapping exp G :T G → G is defined by the formula X → c X (1). The restriction exp G |T G∩TpG will also be denoted by
Then there is defined the mapping I(exp
given by the following formula:
where Γ denotes the Christoffel symbol. Therefore, if R x,0 (a, A) is a germ of diffusion processes at a point y = 0 of the tangent space T x G, thenẽxp x R x,0 (a, A) := R x (I(exp x )(a, A)) is a germ of stochastic processes at a point x of the manifold G. The germsẽxp x R x,0 (a, A) are called stochastic differentials and the Itô bundle is called the bundle of stochastic differentials such that R x,0 (a, A) =: a x dt + A x dw. A section U of the vector bundle Π = τ Y ⊕ L 1,2 (θ, τ Y ) is called the Itô field on the manifold G and it defines a field of stochastic differentials R x (I(exp x )(a, A)) = exp x (a x dt + A x dw). A random process ξ has a stochastic differential defined by the Itô field U : dξ(s, ω) =ẽxp ξ(s,ω) R(a ξ(s,ω) , A ξ(s,ω) ) if the following conditions are satisfied: for ν ξ(s) -almost every x ∈ Y there exists a neighbourhood V x of a point x and a diffusion process η x (t, ω) belonging to the germ R x (I(exp x ))(a, A) such that P s,x {ξ(t, ω) = η x (t, ω) : ξ(t, ω) ∈ V x , t ≥ s} = 1 ν ξ(s) -almost everywhere, where P s,x (S) := P {S : ξ(s, ω) = x}, S is a Pmeasurable subset of Ω, ν ξ(s) (F ) := P {ω : ξ(s, ω) ∈ F } (see Chapter 4 in [4] ).
If U(t) = (a(t), A(t)) is a time dependent Itô field, then a random process ξ(t, ω) having for each t ∈ [0, T ] a stochastic differential dξ = exp ξ(t,ω) (a ξ(t,ω) dt+ A ξ(t,ω) dw) is called a stochastic differential equation on the manifold G, the process ξ(t, ω) is called its solution (see Chapter VII in [6] ). As usually a flow of σ-algebras consistent with the Wiener process w(t, ω) is a monotone set of σ-algebras F t such that w(s, ω) is F t -measurable for each 0 ≤ s ≤ t and w(τ, ω) − w(s, ω) is independent from F t for each τ > s ≥ t, where F s ⊃ F t for each 0 ≤ t ≤ s. If G is the manifold with the uniform atlas (see §2.1), the Itô field (a, A) and Christoffel symbols are bounded, then there exists the unique up to stochastic equivalence random evolution family S(t, τ ) consistent with the flow of σ-algebras F t generated by the solution ξ(t, ω) of the stochastic differential equation dξ = exp ξ(t,ω) (a ξ(t,ω) dt + A ξ(t,ω) dw) on G, that is, ξ(τ, ω) = x, ξ(t, ω) = S(t, τ, ω)x for each t 0 ≤ τ < t < ∞ (see Theorem 4.2.1 [4] ).
In view of Theorems 3.1 and 3.3 [31] and Theorems 2.9.
(1-4) [28] and Lemma 2.6 above the diffeomorphism group G := Di and A (k)
x is a Hilbert-Schmidt mappings into Y = T e G for each k ∈ N and sup η∈G A η (t)A * η (t) −1 ≤ C, where C > 0 is a constant, then the transition probability P (τ, x, t, W ) := P {ω : ξ(t, ω) = x, ξ(t, ω) ∈ W } is continuously stronlgy C ∞ -differentiable along vector fields on G ′ , where G ′ is a dense C ∞ -submanifold on a space Y ′ , where Y ′ is a separable real Hilbert space having embedding into Y as a dense linear subspace (see Theorem 3.3 and the Remark after it in Chapter 4 [4] , Definition 2.8), W ∈ F t . Now let G be a loop or a diffeomorphism group of the corresponding manifolds over the field R or C. Then G has the manifold structure. If exp N :T N → N is an exponential mapping of the manifold N, then it induces the exponential • v η for each x ∈ M and η ∈ G (see Theorem 3.3 [31] ). We can choose the uniform atlases At u (G) such that Christoffel symbols Γ η are bounded on each chart. This mapping E is for G as the manifold and has not relations with its group structure such as given by the Campbell-Hausdorff formula for some Lie group, for example, finite-dimensional Lie group. For the case of manifolds M and N over C we consider G and others appearing manifolds with their structure over R, since C = R ⊕ iR as the Banach space over R.
Then for the manifold G there exists an Itô bundle. Consider for G an Itô field U with a principal part (a η , A η ), where a η ∈ T η G and A η ∈ L 1,2 (H, T η G) and ker(A η ) = {0}, θ : H G → G is a trivial bundle with a Hilbert fiber H and
To satisfy conditions of quasi-invariance and differentiability of transition measures theorem we choose A also such that sup η∈G A η (t)A *
Gaussian measure on T η G with the correlation operator B, then µ A φ η BA φ η * is the Gaussian measure on X 1,η , where B is selfadjoint and ker(B) = {0}, A η : T η G → X 1,η , X 1,η is a Hilbert space. We can take initially µ B a cylindrical measure on a Hilbert space ). Then using cylinder subsets we get a new Gaussian σ-additive measure on T η G, which we denote also by µ A φ η BA φ η * (see also Theorems I.6.1 and III.1.1 [23] 
the Wiener process correctly. Therefore, we can consider a stochastic process [43] and Chapter IV [6] ). Henceforth we impose such demand on B and A η for each η ∈ G ′ . On the other hand, it is also possible to take a nonnuclear correlation operator B and then use the Radonifying with the help of A η of Hilbert-Schmidt class, that produces the σ-additive measure satisfying Condition (M1). In the latter case it is sufficient to take G ′ such that the embedding
Remark. Let µ be a Borel regular Radon non-negative quasiinvariant measure on a topological Hausdorff group G relative to a dense subgroup G ′ with a continuous quasi-invariance factor ρ µ (x, y) on G ′ × G and 0 < µ(G) < ∞. Suppose that V : S → U(H V ) is a strongly continuous unitary representation of a closed subgroup S in G ′ . There exists a Hilbert space L 2 (G, µ, H V ) of equivalence classes of measurable functions f : G → H V with a finite norm
Then there exists a subspace Proof. A quotient mapping π X : G → G/K =: X induces a measureμ on X such thatμ(E) = µ(π −1 X (E)) =: (π * X µ)(E) for each Borel subset E in X. In view of Radon-Nikodym theorem II.7.8 [13] for each ξ ∈ D there exists a measure µ ξ on X such that (3) dμ(x) = dν(ξ)dµ ξ (x), where x ∈ X, ν(E) := (s * µ)(E) for each Borel subset E in D, s : G → D is a quotient mapping. In view of §26 [38] and Formula (3) the Hilbert space H V := L 2 (X,μ, H V ) has a decomposition into a direct integral
where H V denotes a complex Hilbert space of the representation V : K ′ → U(H V ). Therefore, where each TG(ξ) is induced by a representation (y, y) → (V⊗W ) (g,γ)(y,y)(g,γ) −1 of a subgroupG ′ ∩ (g, γ) −1 (K × N)(g, γ), the latter group is isomorphic with S := g −1 K ′ g ∩ γ −1 N ′ γ, that gives a representationṼ⊗W of a subgroup S × S in G. Therefore, we get a representation TṼ⊗Ŵ ,µ⊗µ equivalent with Ind (S×S)↑G ′ (Ṽ⊗W )|G′.
3.6. Note. Formulas from § §3.4.3-5 also show how a measure ν on a groupoid Y ξ (M, s 0 ; N, y 0 ) induces a measure µ on (S M N) ξ and produces an expression for a quasi-invariance factor on a loop monoid and then on a loop group.
